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STATIONARY OPTIMIZATION

The classical setting of optimizing a convex function

Objective: find the minimum of convex

Query      , receive feedback         or             with stochastic noise    

Example: stochastic gradient descent 

f : X ! Rd

xt f(xt) rf(xt) "t

xt+1 = PX [xt � ⌘t(rf(xt) + "t)]
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DYNAMIC OPTIMIZATION

In many applications,      changes with time t

Examples: dynamic pricing, online recommendation systems, portfolio 
selection, simulation optimization

Objective: minimize regret:

Difference between

What the algorithm achieves, and

What an “oracle” solution can achieve

ft

f1f2 f3
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STATIONARY VS DYNAMIC REGRETS

Stationary regret: competing against a stationary oracle 

Advantages: no assumptions on function sequence 

Disadvantages: weak notion of “oracle”, unnatural for practical use
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STATIONARY VS DYNAMIC REGRETS

Dynamic regret: competing against a dynamic oracle 

Advantages: strong notion of “oracle”, intuitive concept. 

Disadvantages: requires assumptions on “changes” of functions
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KNOWN RESULTS

Suppose the functions are strongly convex and smooth

Stationary regret results

           oracle: SGD achieves                 well-known; e.g., Hazan’ 16

        oracle: EGS achieves              Nemirovski & Yudin’83, Flaxman et al.’ 04, Agarwal 
et al.’ 10

M · Id � r2ft � L · Id

rft(·) O(log T )

ft(·) O(
p
T )
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Dynamic regret results Besbes et al.’ 15

Assumptions: 
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        oracle:
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ft(·)
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T�1X

t=1
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O(V 1/2
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KNOWN RESULTS

Suppose the functions are strongly convex and smooth

Dynamic regret results Besbes et al.’ 15

Assumptions: 

           oracle: 

        oracle:
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A little bit restrictive …
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LOCAL CHANGES

Local temporal changes

f, f, f, g, f, f, f

max

1tT�1
kft+1 � ftk ⇡ kf � gk

"
1

T

T�1X

t=1

kft+1 � ftkq
#1/q

⇡ T�1/q · kf � gk
t = 1 —> T
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LOCAL CHANGES

               measures the local spatial changes of f

               measures the local temporal changes of f  

Varp,q(f) :=

"
1

T

T�1X

t=1

kft+1 � ftkqp

#1/q

 VT

p 2 [1,1]

q 2 [1,1]

Question: what is the optimal regret in VT?  



MAIN RESULTS

Our main results and comparison with Besbes et al.’ 15

OUR PAPER BESBES ET AL.’15

ORACLE 

ORACLE

p, q 2 [1,1] p = 1, q = 1

rft(·)

ft(·)

O(V 2p/(4p+d)
T · T )

O(V 2p/(6p+d)
T · T )

O(V 1/2
T · T )

O(V 1/3
T · T )

NOTE d is domain dimension: X ✓ Rd
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Curse of Dimensionality

1. Regret scales exponentially with domain dimension d
2. Such dependency becomes milder as            and disappears for p ! 1 p = 1
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ORACLE 

ORACLE

p, q 2 [1,1] p = 1, q = 1

rft(·)
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O(V 2p/(6p+d)
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Automatic Temporal Adaptivity

1. The optimal regret does not depend on parameter q 
2. This may not be true for the region  q < 1



PROOF OF UPPER BOUND
The re-starting procedure: (Besbes et al.’15)

Let A be either SGD or EGS algorithm

Run A on B1, B2, …, BJ independently.

Idea: combine stationary regret and perturbation constraint to 
upper bound dynamic regret

f1, · · · , fb1| {z }
B1

, fb2 , · · · , fb2| {z }
B2

, · · · , fbJ , · · · , fT| {z }
BJ



PROOF OF UPPER BOUND

Fix B1. Consider the following decomposition of dynamic regret: 

Stationary regret: 

Perturbation: easy if            :  

f1, · · · , fb1| {z }
B1

, fb2 , · · · , fb2| {z }
B2

, · · · , fbJ , · · · , fT| {z }
BJ
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dynamic regret stationary regret perturbation

p = 1

O(J ·
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T/J)

Besbes et. al.’s approach
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PROOF OF UPPER BOUND

Key perturbation lemma for p 2 [1,1)

ft f1

�
x

⇤
t

x

⇤
1

B�/2(x
⇤
t )



PROOF OF UPPER BOUND

Key perturbation lemma for p 2 [1,1)

ft f1

�
x

⇤
t

x

⇤
1

Vol(B�(x
⇤
t )) ⇣ �

d

B�/2(x
⇤
t )



PROOF OF UPPER BOUND

Key perturbation lemma for p 2 [1,1)

ft f1

�
x

⇤
t

x

⇤
1

Vol(B�(x
⇤
t )) ⇣ �

d

B�/2(x
⇤
t )



PROOF OF UPPER BOUND

Key perturbation lemma for p 2 [1,1)

ft f1

�
x

⇤
t

x

⇤
1

Vol(B�(x
⇤
t )) ⇣ �

d

B�/2(x
⇤
t )



PROOF OF UPPER BOUND

Key perturbation lemma for p 2 [1,1)
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PROOF OF UPPER BOUND

Key perturbation lemma for

Conclusion:  

p 2 [1,1)

Vol(B�(x
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t )) ⇣ �

d
f1(x) � ft(x
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t ) + ⌦(�2)

kxt � x1k2 = O(kft � f1kp/(2p+d)
p )
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PROOF OF UPPER BOUND

Bounding the perturbation terms:

perturbation of B1 
bX

t=1
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PROOF OF UPPER BOUND

Stationary regret: 

Total perturbation: 

f1, · · · , fb1| {z }
B1

, fb2 , · · · , fb2| {z }
B2

, · · · , fbJ , · · · , fT| {z }
BJ�T

O(J ·
p

�T )

O(J1�r/q�1+r�r/q
T V r

T )

r = 2p/(2p+ d)

dynamic regret: O(V 2p/(6p+d)
T · T )�T ⇣ V �2r/(2r+1)

T



PROOF IDEA OF LOWER BOUND

Proof strategy: find “adversary examples” that are hard to 
distinguish from samples, but have different minimizers.

h



PROOF IDEA OF LOWER BOUND

Formally, find two function sequences f and g such that:

                 is small

                     is small

                                                                      is large

KL(fkg)

�(f , g) =
TX

t=1

inf
x2X

{f
t

(x)� f

⇤
t

, g

t

(x)� g

⇤
t

}

Varp,q(f , g)

O(h2T )

O(h2p/(2p+d)/�T )

⌦(hT )

h ⇣ V 2p/(6p+d)
T

�T ⇣ T · V �4p/(6p+d)
T

lower bound:⌦(V 2p/(6p+d)
T · T )



OPEN QUESTIONS

Adaptivity:

Our choice of J (#. of intervals) requires knowledge of p, q and VT.

General convexity

Our analysis requires the function to be strongly convex and smooth.

Is it possible to design adaptive interval length rules?

Is it possible to remove both assumptions?


